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Abstract

In this paper, a new numerical scheme of Total Variation Diminishing (TVD) Mac-
Cormack type for MagnetoHydroDynamic (MHD) equations is proposed by taking into
account of the characteristics such as convergence, stability, resolution. This new scheme
is established by solving the MHD equations with a TVD modified MacCormack scheme
for the purpose of developing a scheme of quick convergence as well as of TVD property.
To show the validation, simplicity and practicability of the scheme for modelling MHD
problems, a self-similar Cauchy problem with the discontinuous initial data consisting of
constant states, and the collision of two fast MHD shocks, and two-dimensional Orszag
and Tang’s MHD vortex problem are discussed with the numerical results conforming
to the existing results obtained by the Roe type TVD, the high-order Godunov scheme,
and Weighted Essentially Non-Oscillatory (WENO) scheme. The numerical tests show
that this two-step TVD MacCormack numerical scheme for MHD system is of robust
operation in the presence of very strong waves, thin shock fronts, thin contact and slip
surface discontinuities.

Key words Two step TVD MacCormack scheme; MHD numerical simulation

1 Introduction

Ideal magnetohydrodynamics deals with a coupling between Euler’s equations and
Maxwell’s equations. It can be used as a simplified model for the simulation of the space

weather, which results from the interaction of the solar wind with the magnetosphere of
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the earth. As a basic model of describing space plasma, MHD is a non-strictly hyperbolic
system composed of eight equations coupled by fluid dynamics and magnetic induction.
Differing from the usual fluid dynamic equations with the unique sound wave mode, MHD
has multiple modes of sound wave, Alfven wave, fast magnetosonic and slow magnetosonic
wave, which make the eigenvalues and eigenvectors of MHD equations so complex that many
modern high resolution numerical schemes used in simulating supersonic flow problems of
computational fluid mechanics can not be transplanted directly to the numerical study of
supersonic, super-Alfvenic solar wind flow. Along with the recent advance of space weather,
great attention has been paid to the development of quick convergence and high resolution
numerical schémes of MHD system for the purpose of solar wind storm simulation or estab-
lishing numerical prediction methods of space weather. For the numerical methods currently
used in solar wind simulation, we can refer to Feng et all?l. We have seen great efforts made
in theory of MHD and application of solar wind simulation there.

It is noticed that for routine second-order, finite difference schemes of hyperbolic equa-
tions, oscillations of a central scheme and a bias (upwind) scheme always take place at
opposite sides of a discontinuity. So spurious oscillations should be corrected or reduced
to as little as possible via some selective employments of the second-order schemes. It is
also known that a multi-step high-order scheme shares the merits of not using the Jacobian
matrix. Based partially on this observation, a TVD Lax-Friedrichs scheme is established by
using modified Lax-Friedrichs scheme for the fluid equations of the MHD system and the well-
known MacCormack II for the magnetic induction equations in spherical coordinatesh4,
The modified Lax-Freidrichs scheme consist of two steps of predictor and corrector steps and
is of second order accuracy both in time and space. Compared to those of routine TVD and
Godunov type, the TVD Lax-Freidrichs scheme need not use the calculation of eigenvalues
and eigenvectors associated to the Jacobian matrices in every time step and thus reduce a
lot of work. Numerical results from numerical solar wind modelling and magnetic recon-
nection in interplanetary space have shown the good merit of this schemel®!:[1%4  which
further motivates us to explore two-step numerical method for MHD system. Here, a two-
step TVD scheme based on the well-known MacCormack scheme is proposed after giving
some remarks about MHD system. Then we exhibit some numerical results for nonlinear

problems particular to MHD system.

2 Some Remarks on MHD System

The induction equation(®

oB

is combined with the equations of gas dynamics to describe the behavior of compressible

electrically conducting fluids subject to magnetic fields. For nonrelativistic fluids, where
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Maxwell’s displacement current may be neglected, the combined system is referred to as the
magnetohydrodynamic (MHD) equations. The compressible ideal (inviscid and perfectly

conducting) MHD equations may be written as a hyperbolic system of conservation laws in

the form(*4)
T
pv
P 1
“B. B)I _ BB
% pv v, pvv+(p+2 _o (2)

B vB — Bv

U

(U—I—p—}—%B-B)v—(v-B)B
where v is the fluid velocity, p the density, and p the pressure. The electric field £ has
been eliminated using the perfectly conducting condition E + v x B = 0 appropriate for
highly conductive media such as space and astrophysical plasmas. The symbol I denotes
the 3 x 3 identity tensor with components 4;;. A factor of 1/,/f¢ has been absorbed into the
definition of B. The total energy density U comprising the internal, kinetic, and magnetic
energy is given by

U= %pv2 + :Y—’_)—l— + %Bz (3)
for a perfect gas with ratio of specific heats .

The evolution in time of a magnetic field B is determined by an electric field E through
the induction equation (1), one of Maxwell’s equations. The magnetic field must also satisfy
V .- B = 0. This constraint expresses the absence of magnetic monopoles, which have never
been observed experimentally. Since (1) implies 8,(V-B) = 0, this constraint is often treated
as an initial condition, which will be preserved under subsequent evolution.

The MHD system is much more complex than the usual fluid dynamics system. On
one hand, there are four kinds of discontinuities which may exist in a general system of ideal
MHD: contact discontinuities, fast shocks, slow shocks, and rotational discontinuities. In
the special case with vanishing B,, there are tangential discontinuities and magnetosonic
shocks. A detailed description of MHD discontinuities may be found in many standard texts
(for example, Jeffrey and Taniutil®!, Kulikovskiy and Lyubimoviﬁ]). On the other hand, the
one-dimensional MHD equations are degenerate. If the variables in (2) are functions of one
coordinate n only, the evolution equation for B,, becomes simply 8;B,, = 0. In a sense, this
1s consistent with the one-dimensional form of the constraint V - B = 0, which simplifies
to 8,B, = 0. Thus the magnetic field B, normal to the discontinuity should be constant
in the initial conditions and will then remain constant. In a finite volume discretisation,
V- B = 0 implies that the signed sum of the jumps in the normal component of B across
a cell’s boundary should vanish. Thus the initial data for the one-dimensional Riemann
problems, if used to compute fluxes in a multidimensional scheme, will generally contain
jumps in B, comparable to the jumps in the tangential components n x B.

A particular and challenging problem in the numerical treatment of the ideal MHD

equations concerns the physical constraint that magnetic monopoles do not exist (V-B = 0).
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This condition is not always exactly preserved after the discretization of the equations.
Several strategies have been used to deal with the V- B = 0 constraint. One approach is to
use the solution of the reduced seven-wave Riemann problem{*®!, using some average value
for B,, on both sides, to update the seven variables other than B,,, followed by a separate step
which updates B,, so as to preserve V- B = 021151 Another approach, pioneered by Powell
et all'l adds terms proportional to V - B to the system (2) to make the one-dimensional
Riemann problem nondegenerate. It is worth emphasizing that although Powell’s approach
maintains V- B ~ 0 to truncation error in a multidimensional sense, in the one-dimensional
Riemann problems V-B is comparable to Vx B. The third one has been proposed by Toth!!8l
in order to avoid the non conservative formulation of the source term in the Powell approach.
Instead of the source term, Toth!!#l has proposed a temporal and space averaging for the
update of the magnetic field directly using the induction equation. Numerical experiments
comparing various schemes to show the ability of keeping the V - B constraint have been
performed by Toth(18,

Very recently, Hans!2°! proposed that upwind constrained transport on unstructured
grids can effectively control the V - B = 0 constraint and pointed out that this kind of
scheme can be applied to any hyperbolic system with divergence-free fields.

It should be noticed that numerical schemes in non-conservative form of MHD system
can also maintain the V - B = 0 constraint to a tolerable error(3].

According to Godunov[2%, Powell et all¥ proposed a modified form

o T
p lpv 0
—-B-B)I-BB B
% pv Ly pv'v+(p+2 ) __V.B , (4)
B vB — By v
U v-B

(U+p+%B-B>v—(v-B)B

in which source terms proportional to V-B have been added to the momentum and induction
and energy equations. This system was constructed by modifying the coefficient matrix in
the linearized Riemann problem to include an eighth wave corresponding to passive advection
of jumps in B, with the fluid speed v,. This is the only possibility that leaves the system
invariant under the Galilean transformations & — @ + vot and v — v + vy, while B and ¢
remain unchanged.

Janhunen(*®! found that the solution of the Riemann problem for Powell’s system (4)
for left and right states with positive fluid pressures may contain an unphysical interme-
diate state with negative fluid pressure. It is known that this so-called lack of positivity
is a particular problem for astrophysical applications, where the contribution to the total
energy from the fluid pressure is often small compared with the magnetic and possibly the
kinetic energy. Thus computing the fluid pressure p from the conserved quantities p, pv, B,
and U often involves the difference between two nearly equal terms. Janhunen!' found

that positivity, as well as local energy and momentum conservation, could be regained by
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discarding the source terms in the energy and momentum equations, so that (4) becomes

( TWT
pv
’ +( +1p B)I- BB 8
pvv p — . _—
o1 i lv. 2 =-V-B (5)
ot | B vB — Bv v
U 0
(U+p+%B-B>v—(v-B)B

Dellar!'?! pointed out that Powell’s system (4) fails to conserve momentum and energy.
Thus, taking account of the above consideration, we will employ Janhunen’s system (5)

for our implementation of the numerical scheme.

3 Numerical Scheme Formulation

Since the birth of Harten’s concept of total variation diminishing (TVD)?Z2l

, @ New
era of high order and high-resolution schemes for hyperbolic conservation laws has been
initiated. TVD schemes are a kind of monotonicity preserving schemes by adding and
limiting a modified, high-order anti-diffusion term to a low-order (e.g., first-order upwind)
numerical flux. They produce a high-resolution of discontinuities while retaining high-order
accuracy in smooth regions. Following the TVD concept, many numerical schemes have been
designed14h(151.17L,[211125),(27] - AJmost all these modern shock capturing methods are based
on the local characteristic decomposition of waves. The fluxes are first separated into each
family of waves. Then they are split into positive and negative parts by either global or local
Lax Friedrichs flux splitting. Subsequently, the fluxes at the cell boundaries are constructed
by the TVD or WENO approximation. Because of the wave decomposition procedure,
considerable work is required to evaluate the associated eigensystem. There are seven waves
in the MHD system. In addition to the entropy wave, which propagates with the fluid speed,
v, there are three wave modes, which can propagate with two v % ¢ speeds, where ¢ denotes
the characteristic speed of the mode. According to the magnitude of the wave speeds, these
three modes are called fast, intermediate (Alfven), and slow waves. The fast and slow waves
are compressive, while the intermediate wave is not. Depending on the direction and the
magnitude of the magnetic field, these wave speeds may coincide. Thus the MHD equations
form a non-strictly hyperbolic system. In spite of this, a complete set of eigenvectors can
be found and, with proper normalizations, they are well-defined!5191127  Characteristic
decomposition of waves depend on the exact solution of the MHD Riemann problem, which
may be not uniquel®, in fact, is too multivariant to be used in regular calculations. The
main efforts in these modern upwind methods is the development of a viable Riemann
solver based on the knowledge about the eigensystem of the flow equations. Moreover, for
computational efficiency, further approximation of the Riemann solvers employed is often

developed. However, unlike the gas dynamics equations, to which analytical solution in
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one spatial dimension is well-known, available analytical solutions to the MHD waves have
been scant. Therefore, the development of approximate Riemann solvers for MHD equations
involves many theoretical uncertainties. When extending to plasma flows in multiple spatial
dimensions, the common practices in upwind methods are based on directional splitting, i.e.,
waves propagating in a multi-dimensional space are approximated by superposition of one-
dimensional Riemann solutions from each of the orthogonal directions. While the practice
is standard in calculating gas dynamics equations, direct extension of this treatment for
complex MHD equations need further study. One may question the validity of using these
scheme for MHD simulaions.

The schemes based on the approximate Riemann solver are very time-consuming since
these kinds of schemes require the splitting of the associated Jacobian matrices and the
calculation of the eigenvalues and eigenvectors at every step. Thus, to avoid the use of the
Riemann solver, we need to explore some simple schemes not based on the use of complete
set of eigenvect'ors. Here we will pay our attention to the modification of the well known
MacCormack scheme because of its simplicity. Based on the flux splitting technique, a

[16] " especially for

MacCormack TVD scheme has long been used in hydraulic dynamics(™
the computation of Saint-Venant equations, in the context of coastal hydrodynamics. A
modification to the well known Beam and Warming implicit scheme based on the concept
of conservative splitting of flux through an approximate Jacobian is proposed and applied
to one-dimensional unsteady free-surface flows!®). TVD MacCormack and TVD Warming-
Beam schemes have also been introduced in Tan®. Yu and Liul'! present a two-step,
component-wise TVD scheme for nonlinear, hyperbolic conservation laws, which is obtained
by combining the schemes of Mac Cormack and Warming-Beam. The latter scheme does
not necessitate the characteristic decompositions of the usual TVD schemes by employing
component-wise limiting. In what follows we will see how to realize two-step TVD MacCor-

mack scheme for MHD system. To begin with, consider the nonlinear scalar equation

Ou o

It is useful to note that
+ df—
=@, at=LWoe - W

For left-moving waves, i.e., fT = 0 in (7), we use the right upwind predictor of the
MacCormack scheme
U = uj — A5+fj’-1, (8)

then the corresponding corrector has the following form,

n O 1., _ =
‘u]-+1 = E(U] +U]) — ‘2-/\5 f]', (9)
At

where §%()j = ()41 = ()5, 67()5 = ()5 = ()s-1 A = %
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For right-moving waves, i.e., f~ = 0 in (7), we use the left upwind predictor based on
MacCormack formulation
iy =uy — A~ f7 (10)
with the following corrector
1 _ 1 s
witt = §(u? + @) — 5,\5+fj. (11)

When both left-moving and right-moving waves appear, we need a flux splitting of (7).
Substitute the predictors of (8) and (10) for @; in their relevant corrector steps (9) and (11),
and rewrite the above schemes in the conservative form to get an extremely simple form of
the numerical fluxes of the schemes for a general nonlinear scalar equation

B =uf =AM, = ),

n+l _ .. n 3 s
W= - M(H s~ H ), (12)

. 1
I PE P
Hj+%—fa+2[gj+% g 1]

where
gt = fr —fr e = f . —fr. 13
gj+% fJ+1 fJ 79],+% f]+1 f_; ( )
Following the flux limiting procedure of the modified Lax-Wendroff scheme!?!! by adding
a pure flux limiter to the second-order antidiffusive term of (12), we get a modified second-

order predictor-corrector scheme,

Jt3 J—'%
n+1 n ? ?
uj+ =u, )\(,Hj+% —’H]_%), (15)
2ralet Vot o — b -
Ho1 fa+2[¢(r +é)9].+% ¢(rj+§)gj+§] (16)
where
Fo_ ¢t - ot ot - e -
i =fr+fo,, r = / , T = / , 17
i f] fJ+1 1 gj_% QJ+% H_% gj+% QH_% (17)

Here ¢(r) =1 is obviously reduced to the usual MacCormack scheme.

For the modified MacCormack scheme (14) and (15), all the negative flux terms vanish
in the linear case u; + au, = 0, which is absolutely TVD under the condition given by
Sweby(21]. But, for the nonlinear case, we may as well refer to the above scheme as a two-
step TVD scheme whenever a pure flux limiter ¢(r) bounded by the usual TVD constraint
is applied to the modified MacCormack scheme; although it is impossible to be abstractly

proved up to now. Here we choose a Roe type flux limiter

7, || < 1;
-]

1, Ir| = 1.

We can refer to Fu and Ma[??! for details about this topic.
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The two-step TVD scheme does not need to use the set of eigenvalues of the Jacobian
matrix, but an appropriate flux splitting is still required for its upwinding procedure. As in

Ref.[3], here we choose the simplest and inexpensive global Lax-Friedrichs flux splitting

FE(w) = 5(f () % auy), (18)
where

o = max |f'(u;).

Generally speaking, for the scalar case, the TVD technique is elegant and amenable to rig-
orous analysis. However, when applied to systems of conservation laws, TVD schemes are
often built upon field-by-field decompositions. One extends the scalar scheme to systems of
conservation laws by applying it “scalarly” to each of the (appropriately linearized) char-

(231124] " For one-dimensional vector form, we just formally extend the

acteristic variables
scheme component-wisely.

For two or three dimensional systems, we extend the component wise TVD scheme by
the method of fractional steps or time splitting or ADI. If system (5) in three dimensional
Cartesian coordinates is written

U 9F(U) , 0G(U)  9H(U)

= 19
ot Ox Oy 0z 5, (19)
the following form is suggested in the present paper. First, we can write (19) as three
U  9F(U) U  aG(U) U 3H(U)
—_— = —_ = T - 4 2
T er S0 a T ey % mtTer TF (20)

We can implement the scheme (14)—(18) for the three equations in (20). If we denote the
difference operator generated with (14)—(18) by L,(At), then the three equations have the

following approximation
UMt = L (AY)U?, Ut = Ly(anU;, Ut = L (A)UY.
Then the numerical scheme for (19) can be realized by

Utk= () () 00n (5 )2 (F) i &

and correspondingly we can choose the maximum of

1 |vp+ B/ vp+ |B)*/po\?  7pB3
aQ:'”"’HCg:'vw“ﬁ 5, ° (—p__) BT

in place of (18) for the difference operators Ly, Ly, L., where cg(Q = F,G, H) is the fast-

mode MHD wave, relative to the fluid in the w = z,y, z directions. The CLF condition is

chosen as
At < Cmin

Az Ay Az }

max ’ ,max’ ,max
Qp” Qg Of
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where the maxima ag®* is the maximal eigenvalue of 8Q/8U, taken over all computational
grid points, with @ = F, G, H being fluxes and U independent variables, respectively. The
Courant number C here can be taken to be less than 1(0.5 or 0.8).

4 Numerical Results of One-Dimensional Shock Prob-

lems

In order to see the shock-capturing ability of the proposed TVD type MacCormack
numerical scheme we here give two one-dimensional MHD shock problems.

As the first example we choose the same ideal MHD Riemann problem, as that of Brio
and Wul'® with the initial data consisting of constant states at rest at z = 0. To the left
of the discontinuity, p; = 1, (vy); =0, (vy)1 =0, p; = 1, (By)} = 1; to the right, p, = 0.125,
(vz)r = 0, (vy)r = 0, pp = 0.1, (By)r = —1 with B, = 0.75 and v = 2. Because the
MHD equations are nonconvex, compound waves (waves consisting of a shock followed by
a rarefaction wave of the same family), which do not occur in hydrodynamics, can indeed
exist in MHD. The coplanar Riemann problem presented here tests the ability of the scheme
to represent shocks, rarefaction fans, and compound waves in MHD flows. Note that the
magnetic field component B, changes its sign, or rotates, to the angle 7 across the initial
jump. In Ref.[15] different numerical schemes were tried. All of them give qualitatively
the same picture of the flow, but the Roe’s extension to MHD equations produces much
sharper discontinuities with the absence of spurious oscillations. Figure 1 displays the self-
similar distributions of the density p, the velocity components v, and v, the magnetic field
component By, the pressure p and the temperatue T obtained for the coplanar problem.
The number of grid points is 800 with Az = 1.0 and At = 0.2 (CFL number 0.8). This
solution is shown after 400 time steps. The initial discontinuity is located in the middle of

computational domain. One can see fast rarefaction waves FR, a contact discontinuity CD,

1.2 0.8 2.0
0.8¢ 0.4F 0.8
@ S b a E
0.4 0.0] 0.4¢
0.0 -0.4 0.0
) -0.4 0.0 0.4
xr xI
0.0
4
S-1.0 o S
—-2.0 0
—-0.4 0.0 0.4 —0.4 0.0 0.4

£z

Fig.1 The self-similar distributions of MHD parameters at ¢t = 0.1
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a slow shock wave SS, and a slow compound wave CW. The results are in a good agreement
with those obtained by the method of Brio and Wul!®l,

Another problem concerns the collision of two fast shocks with the initial condition for
(P, P, Vs, Uy, Vs, By, B,) being (3.87741,75.1495,7.685 74, —0.0894 647, —0.089 464 8, 7.821 80,
7.82180) for z < 0.025, (1,0.1,0,0,0,2,2) for 0.25 < z < 0.75, and (3.81091,46.28186,
—6.109 78, 0.109960,0.109 961, 7.72300,7.72300) for z > 0.75. Here, B, = 2 and v = 5/3.
The initial condition is shown by the dashed lines in Figure 2 and represents two fast shocks
propagating toward each other with Mach numbers 10 and 8. The profiles at ¢ = 0.035 and
0.14 are shown by the dotted and solid lines, respectively, in Figure 2. The dotted lines
demonstrate the correctness of the scheme for the propagation of the strong shocks. All the
numerical results are in good agreement with those for the same problem by a high-order

Godunov scheme developped by Dai and Woodward(2].

ARRRARRRR
0.10F .
] @ 3 0
R ]
TR Tt e I DR L IO O RO v T
Fris10moce i e 211354 [k e ST e —0.10 Bl ) ) ) 3
00 04 08 00 04 08 Y a—
T T .
T T T T T
5? -
§ op — .
=5 B I [T S —o.1

00 04 08

Fig.2 The profiles of various parameters for the collision of two fast shocks with Mach numbers 10 and 8:
dashed lines: ¢ = 0; solid lines: t = 0.14; dotted lines: ¢ = 0.035

5 2-D Case: Orszag and Tang’s MHD Vortex System

As an effort to apply the two-step macCormack scheme for multidimensional MHD
problem, the Orszag and Tang’s MHD vortex system(?8] is calculated here. This compressible
flow proposed by Orszag and Tang contains significant features of MHD turbulence, and has
taken as a standard numerical test. The flow involves complex evolution due to interactions

between shock waves and the vortices. The initial conditions are as follows:
o(z,y,0) =2, we(z,y,0) = —siny, vy(z,y,0) =sinz, v,(z,y,0)=0,
p(z,y,0) =7, By(z,y,0)=—siny, By(z,y,0)=sin2z, B.(z,y,0)=0,
with v = 5/3.
The computational domain is [0, 2] x [0, 2] with periodic boundary condition in both

z and y directions. We used a uniform mesh of 200 x 200 grid nodes. We have successfully

run our calculation from t = 0 to t = 8. It should be noted that we employ a correction
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procedurel®-27 based on solving a Poisson equation to enforce the divergence free condition
of the magpetic field. This procedure maintained the integrity of the numerical solution and
stabilized the calculation for long-term evolution of the MHD field. In fact, our program
runs for much longer time and the calculation is stable and solution is reasonable,

For the purpose of comparison, here are shown the density contours at £t = 0.5, £ = 2
and t = 3 using the same contour level as that in Jiang and Wu®"l, Figure 3 sees very
complex shock structure. At ¢ = 2, an intermediate shock i= formed at the shock front in
the region of 7 < ¢ < 157 and 0 < y < 0.75x. At ¢ = 3, the fast shock front in the
region of 1.257 <2 2 < 1.57 and 057 < g < 0.757, and a slow shock front in the region of
057 < z < 7 and (.57 < y < (.757. We found that our results are alinost identical to Jiang
and Wu's result’s' . htained by using a WENO scheme.

g
18]
A
i
| i
&) T
: [
] &
g 1 2 3 4 5 ¢ 0 1 2 3 4 5 &
T 4 T

]-"ig.S T d=naily pr\u“lus ol Unsa& el 'l'.w.llg’.-s dwe-nirrzensicean] MHID peraalvier, lel! ler :!gtﬂ.s;it.y connt s

ab ¢t — 05, middle for densicy conzcurs ab ¢ 2, aad right for censicr cooronrs at d — 3

6 Clornclusion

A noew two-step TVD MacOorraack frpe muoerical scheme of second order acodeadcy
s proposed tor WTHIT rqnations. Differcnt fram other T} type nvmerical schemes, onr
chaocsen scheme has been simpliied by avoiding the splitting of Jacoblan marrix and thus
the caloulation of eigemveciors. The mormerioal wxperiments of & val[-<imilar Cauchy problem
with the discontinumes nivial dara eonsisting of constant stztes, the collision of twe fast
BIHIY shocks, and two dimensional Grezag and Tang's MHD vortex problan can give us
relighle pumerical results as cornparad w the former existing: restlls and show Lae simplicity
atrl practeechility of the Tew schenre.

Ly the way, the applicalion of {his pumerical scoene Lo 1he wonerical study of solar

wind Iz lefl [ow fubeere werk.
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